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Abstract. In this paper we study the mean square of the error term in the 
Weyl's law of an irrational (2Z+l)-dimensional Heisenberg manifold . An asymptotic 
formula is established. 



1 Introduction 

Let (M, g) be a closed n-dimensional Riemannian manifold with metric g and 
Laplace-Beltrami operator A. Let N(t) denote its spectral counting function , which 
is defined as the number of the eigenvalues of A not exceeding t. Hormander [TT] 
proved that the Weyl's law 

(1.1) N(t) = V < B ; > 0l ( M ) t n/2 + 0( ,(n-l)/ 2) 

holds, where vol(B n ) is the volume of the n-dimensional unit ball. 
Let 

( } _ vol(B )vol(M) tn/2 

Hormander's estimate (1.1) in general is sharp , as the well-known example of the 
sphere S n with its canonical metric shows [11]. However, it is a very difficult problem 
to determine the optimal bound of R(t) in any given manifold, which depends on the 
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properties of the associated geodesic flow. Many improvements have been obtained 
for certain types of manifolds, see [H El El IH El El H21 H31 HSl Ell - 
1.1 The Weyl's law for T 2 : the Gauss circle problem 



The simplest compact manifold with integrable geodesic flow is the 2-torus 
T 2 = ]R 2 /Z 2 . The exponential functions e(mx + ny)(m,n e Z) form a basis of 
eigenfunctions of the Laplace operator A = <9 2 + <9 2 , which acts on functions on T 2 . 
The corresponding eigenvalues are An 2 {m 2 + n 2 ),m,n G Z. The spectral counting 
function 

Nj(t) = {Xj E Spec(A) : Xj < t} 

is equal to the number of lattice points of Z 2 inside a circle of radius y/t/2n. The 
well-known Gauss circle problem is to study the properties of the error term of the 
function Ni(t). 

In this case , the formula (1.1) becomes 

(1.2) N I (t) = ± + 0(?'*), 

which is the classical result of Gauss. Let Ri(t) denote the error term in (1.2). 
Many authors improved the upper bound estimate of Ri(t). The latest result is due 
to Huxley [12], which reads 

(1.3) i? / (i)«^ 131/416 log 26947/8320 ^ 
Hardy [9] conjectured that 

(1.4) R T (t) < t 1/4+e , 
which is supported by the asymptotic formula 

n=l 

proved in [T4] , where r{n) denotes the number of ways n can be written as a sum 
of two squares. 

Tsang[24"] first proved that the asymptotic formula 

t-T 



;i.5) J R k I (t)dt = c k T 1+k / i + 0(T 1+k / 4 - 5k+£ ) 



holds for k = 3 and k — 4 with 5 3 = 1/14 and 5 4 = 1/23, where c k (k > 3) and 
5k > 0(k > 3) are explicit constants. 

In [2H], the author proved that (1.5) holds for any integer 3 < k < 9 . When 
k = 4, in [29] the author proved that we can take £4 = 3/28 in (1.5). 
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1.2 The Weyl's law for (2/ + l)-dimensional rational Heisen- 
berg manifold 



Let I > 1 be a fixed integer and (Hi/T,g) be a (21 + l)-dimensional Heisenberg 
manifold with a metric g. When / = 1, in [21] Petridis and Toth proved that 
R(t) = 0(t 5 / 6 logt) for a special metric. Later in [3] this bound was improved 
to 0(t ll9 l im+e ) for all left-invariant Heisenberg metrics. For I > 1 Khosravi and 
PetridisfTB] proved that R(t) = 0(t'~ 7 / 41 ) holds for rational Heisenberg manifolds. 
Both in |3| and US] , they first established a -^-expression of R(t) and then used the 
van der Corput method of exponential sums . If substituting Huxley's result of [12] 
into the arguments of [3] and |16j . we can get that the estimate 



1.6) 



R(t) = 0(^- 77/416 (logt) 



26947/8320 



holds for all rational (2/ + l)-dimensional Heisenberg manifolds, which corresponds 
to Huxley's result (1.3). 

It was conjectured that for rational Heisenberg manifolds, the pointwise estimate 



;i-7) 



R(t) < t 



1-1/ 4+e 



holds, which was proposed in Petridis and Toth [21] for the case I = 1 and in 
Khosravi and Petridis[T6] for the case I > 1. As an evidence of this conjecture, 
Petridis and Toth proved the following L 2 result for H\ 



N(t;u)--^vol(M(u))t 3/2 



du < Cd 3 / 2+s 



where I = [1 — e,l + e}. They also proved 

»2T 



1 

T 



1 



N{t) - —vol{M)t 3/2 



6tt 



dt > T 3/4 . 



Let M 
metric 



(Hi/T,gi) be a (21 + l)-dimensional Heisenberg manifold with the 



9i 



hlx2l 

2tt 



where I21X21 is the identity matrix. 

M. Khosravi and John A. TothJTT] proved that 



(1.8) 



J\ 2 {t)dt = C 2 jT 2l+1 / 2 + 0{T 2l+l ' A+e ), 
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where C2.1 is an explicit constant . 



M. Khosravi [T5] proved that the asymptotic formula 



(1.9) / R 3 (t)dt = C 3;l T sl+1 ^ + 0(T 3l+3 / M+£ ) 



Ji 



is true for some explicit constant C 3i \. 



Recently, the author [30] proved that the asymptotic formula 



(1.10) f R k (t)dt = C M T fe( '- 1/4)+1 + 0(T k(l - 1/4)+1 -^ 



Ji 



holds for any 3 < k < 9, where Cjy and % > are explicit constants. Especially 
(1.10) holds for k = 3 with rj 3 = 1/4 and for fc = 4 with r? 4 = 3/28. 

The moments problem of i?(t) becomes very difficult for the irrational Heisenberg 
manifolds even when we study only the mean square case. For the definition of 
rationality of Heisenberg manifolds, see[16]. The aim of this paper is to study the 
mean square of the error term in the Weyl's law for the (2/ + l)-dimensional irrational 
Heisenbergs. 

The plan of this paper is as follows. In Section 2 we shall state our main results. 
In Section 3 we state some background of the Heisenberg manifolds and give a if>- 
expression of R(t). In Section 4 are some preliminary Lemmas. We shall prove our 
theorem in Section 5. 

Notations. For a real number t, let [t] denote the integer part of t, {t} = t — [t], 
ip(t) = {t} — 1/2, = min({t}, 1 — {t}), e(t) = e 2mt . e always denotes a sufficiently 
small positive constant. C, R, Z, N denote the set of complex numbers, the set of real 
numbers, the set of integers, the set of positive integers, respectively, n ~ M means 
that N < n < 2N and n x N means c\N < n < C2N for some positive constants 
< ci < C2- SC(E) denotes the summation condition of the sum S. Throughout 
this paper , C always denotes logT. 

2 Main results 

From now on, we always suppose that R(t) denote the error term in the Weyl's law 
for the (21 + l)-dimensional Heisenberg manifold with the irrational metric 




where 9 > is an irrational number. 



4 



The mean square of R(t) is closely related to the approximation type of 9. We 
recall a few facts from the theory of Diophantine approximation: by the approxima- 
tion type 7(a) of an irrational real number a we denote the infimum of all reals r 
for which there exists a constant c(r, a, e) such that the inequality 



(2.1) I a — p/q\ > c(r, a, e)q 



-r—l—e 



for any p G Z and any q G N. Obviously 7(a) > 1 for all irrationals. By Roth's 
theorem [22], if ot is an algebraic irrational, then 7(a) = 1. Furthermore, 7(a) = 1 
for almost all irrationals(see Khinchin|18j). 

Theorem 1. Suppose 9 > is an irrational number of finite type 7. Then we 
have 



T 



(2.2) / R 2 (x)dx = - ■ ±ji ^ ^ T^ + 0(T 2l+ 



(4Z +!)(/ — l)!2 7r 2/+3/2 



S7+4 



where 



00 H — _0h_\2l-2 

r, _ \ ^ \ ^ V 1 2r~dh> 

^ e — 2^ / l i/2( 2r - 



Corollary. If # is an algebraic irrational, then we have 

o9/2-4Z/" 

* W,6 rn2f+1/2 , n//n2l+^+E\ 



(2 ' 3) / fl2MA= (4/ + l)(/- 1 )!W r2 ' + ' /2 + 0(r 

Furthermore (2.3) holds for almost all irrational number 9 > 0. 

For the 3-dimensional case, we have the following more general Theorem 2. We 
omit its proof since it is almost the same as that of Theorem 1. 

Theorem 2. Let R(t) denote the error term in the Weyl's law for the 3- 
dimensional Heisenberg manifold with the metric 
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h 

S3 



where gs > 0, h — (hij) (i,j = 1, 2) with ft.11/i22 - ^12 > 0. Suppose that ±id 2 (d > 0) 
are the eigenvalues of the matrix /i _1 J, where J is the standard symplectic 2x2 
matrix. Let 9 = 2-k/ g^d 2 . 

If 9 is an irrational number of finite approximation type 7, then we have 



(2.4) f R>(x)d X = g^TV* + O0*&» 



Remark. If the value 9 in Theorem 2 is a rational number, then the error term 
0(T™ +£ ) in (2.4) can be replaced by 0(T 9 / 4+e ). 
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3 Background of Heisenberg manifolds and the 
^-expression of R(t) 

In this section, we first review some background of the Heisenberg manifolds. The 
reader can see [3], [7] , [23] for more details. Finally, we give an ^-expression of 

/•en. 

3.1 Heisenberg manifolds 

Suppose x G R l is a row vector and y G M. is a column vector. Define 

/ 1 x t \ f x t \ 

"f(x,y,t)= /, y , X(x,y,t) = y . 

\ 1 / \ / 

The (21 + l)-dimensional Heisenberg group Hi is defined by 

H l = { 1 {x,y,t):x,yeR l ,teR}, 

its Lie algebra is 

^ = {X(x,y,t):x,yeR\teR}. 

We say T is uniform discrete subgroup of Hi if Hi/T is compact. A {21 + 1)- 
dimensional Heisenberg manifold is a pair (Hi/T, g) for which T is a uniform discrete 
subgroup of Hi and g is a left iJz-invariant metric. 

For every r-tuple (r\, r 2 , ■ • • , r{) G such that rj\rj + i (j = 1, 2, • • ■ , I — 1), let 
rZ* denote the /-tuples x = (xi,x 2 , ■ ■ ■ , xi) with Xj G r^Z. Define 

T r = { 7 (x, y,t) :xe rZ l , y G rZ ? , t G Z}. 

It is clear that T r is a uniform discrete subgroup of Hi. According to Theorem 
2.4 of [7J, the subgroup T r classifies all the uniform discrete subgroups of Hi up 
to automorphisms. Thus (see [7J, Corollary 2.5) given any Riemannian Heisenberg 
manifold M = (Hi/T, g), there exists a unique Z-tuple r as before and a left-invariant 
metric g on Hi such that M is isometric to (Hi/T,g). So (see [7J, 2.6(b)) we can 
replace the metric g by <p*g, where <fi is an inner automorphism such that the direct 
sum split of the Lie algebra $)i = R 21 © 3 is orthogonal . Here 3 is the center of the 
Lie algebra and 





X 


o^ 




{(: 





y 


| : 2,!/ eR' J 
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With respect to this orthogonal split of Hi the metric g has the form 

h 

S-2/+1 

where h is a positive-definite 21 x 21 matrix and g 2 i+i > is a real number. 
The volume of the Heisenberg manifold is given by 

vol(H l /T,g) = \T r \ y /det(g) 

with |r r | = r\r% ■ ■ • ri for r = (r±, r 2 , ■ ■ ■ , rj). 

3.2 The spectrum of Heisenberg manifolds and the ^-expression 

of R(t) 

Let £ be the spectrum of the Laplacian on M = (Hi/T,gi(9)), where the eigen- 
values are counted with multiplicities. According to [7\{P. 258), S can be divided 
into two parts £/ and £77, where £/ is the spectrum of 2/-dimensional torus and 
H11 contains all eigenvalues of the form 

47r 2 m 2 v-> 

h ) 2icm(2nj + 1), m e N, % e N U {0}, 

each eigenvalue counted with the multiplicity 2m l . 
We have the following ^-expression of R(t). 
Lemma 3.1. We have 



(3.1) J2(2to) = ^ m(x - Om 2 ) 1 - 1 ^ f 



x 8m I 
2m ~ ~2~ ~ 2 



+0(x 1 - 1 ' 2 ). 

In [30], the author proved Lemma 3.1 when 6 = 1. However, the proof for the 
general case is almost the same. So we omit the details of the proof. 



4 Some preliminary Lemmas 

We need the following Lemmas. Lemma 4.1 is due to Vaaler[23]. Lemma 4.2 is well- 
known; see for example, Heath-Brown |lUj. Lemma 4.3 is Theorem 2.2 of Min[20j, 
see also Lemma 6 of Chapter 1 in [26J. A weaker version of Lemma 4.3 can be found 
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in [12], which also suffices for our proof. Lemma 4.4 and Lemma 4.6 provide several 
estimates about the quantity 

a(9; hi, hi, rii, n 2 ) :— \/hi(2m — 9hi) - ^h 2 (2n 2 - 9h 2 ), 

which play an essential role in our proof. 

Lemma 4.1. Let H > 2 be any real number. Then 

ij)(u)= a(h)e{hu) + 0{ ^ b{h)e{hu)), 

l<\h\<H 0<\h\<H 

where a(h) and b(h) are functions such that a(h) <C l/\h\,b(h) <C 1/H. 
Lemma 4.2. Let H > 2 be any real number. Then 

i<H<# v ii ii / 

Lemma 4.3. Suppose At, ■ ■ • ,A 5 are absolute positive constants, f(x) and g(x) 
are algebraic functions in [a, 6] and 

|#(x)|<A 4 G, |</(x)| < AsGC/f 1 , C/i > 1, 
[a, /3] is the image of [a, 6] under the mapping y = f (x), then 

9(n)e(f(n)) = £ b u -^Le (f (n u ) - un u ) 

a<n<b a<u<P VJ \ nu ) 

+0 (Glog(/3 - a + 2) + G{b - a + i2)(Z7 _1 + C/f 1 )) 

1 1 



+0 ( G min 

where n u is the solution of f'(n) = u, 
< t >= 



R, max 



<«>'</?> 



\\t\\, lit not an integer, 
ft — a, if t an integer, 



1, if a < u < (3, or a, (3 not integers , 
1/2, if a or (3 are integers, 



v 7 / 77 , if /" > 0, 
z^jn if /" < 0. 
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Lemma 4.4. Suppose 9 > is an irrational number, Hi > 2,H 2 > 2, Ni > 
2,N 2 > 2, A > 0. Let A e (Hi, H 2 , N u N 2 ; A) denote the number of solutions of the 
inequality 



(4.1) 



for which 



then 



\^/hi(2m - 9hi) - ^h 2 (2n 2 - 9h 2 )\ < A 



hi ~ Hi, h 2 ~ H 2 , m ~ Ni, n 2 ~ N 2 , m > 9hi,n 2 > 9h 2 , 



(4.2) Ae(Hi,H 2 ,Ni,N 2 ;A) < A(HiH 2 NiN 2 ) 3/4 

+ {HiH 2 N 1 N 2 ) 1 ' 2 log 2 HiH 2 NiN 2 . 

Proof. If A > (iJ 1 iJ 2 iV 1 iV2) 1/4 /100, then trivially we have 

A e (Hi, H 2 , Ni, N 2 - A) < HiH 2 N x N 2 < A{HiH 2 NiN 2 f/\ 

Now suppose A < (H^N^) 1 ^ /100. In this case H r Ni x H 2 N 2 . Without 
loss of generality, suppose Hi < H 2 , then Ni 3> N 2 . It is easy to see that if (4.1) 
holds , then 



\2(hin 1 -h 2 n 2 )-9(h\-h 2 2 )\ < A^Mi + \fh^n 2 ) 



for some C > 0. Thus we have 
h 2 n 2 9{h\-h 2 ) CA(H 1 N 1 H 2 N 2 )^ 



+ 



2hi 



hi 2hi 
which implies that 

(4.3) A«(HuH 2 ,N 1 ,N 2 ;A) 

« E E E 

h\r^H\ h,2~H2 ri2~-/V2 



< 2A( y /H 1 N 1 + v 7 ^^) 

< CA^/H 1 N 1 H 2 N 2 



^ h 2 n 2 9(h 2 -h 2 ) CA{HiNiH 2 N 2 )\ 
< ni < — 1 — h 



hi 2hi 



2hi 



h 2 n 2 9(h 2 - h 2 ) CA{HiNiH 2 N 2 )t 



hi 



2hi 



2hi 



- E E E 

hi^Hi /i2~^2 n2~AT 2 

= Si + £ 2 — E3, 



/i 2 n 2 9{h\-h\) CA{HiNiH 2 N 2 y 



hi 



+ 



2hi 



2hi 
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where 



E E E 

/l2~-H"2 H2~iV2 



C&(H X N X H 2 N 2 )* 



= E E E * 

hi~Hi /i2~i?2 ri2^N2 

E == E E E * 

hi~Hi /i2~-H~2 ri2^N2 



h 2 n 2 e{h\-h\) C^(H l N 1 H 2 N 2 )\' 



+ 



2hi 



2/h 



'/i 2 n 2 g(fe| - CAiHiNiHzNz)* 



2hi 



2hi 



Obviously we have 

(4.4) Ex < A(HiNiH 2 N 2 )*H 2 N 2 < A(HiNiH 2 N 2 )* 

if noting ifjjVi x # 2 iV 2 . 

Now we estimate E 2 . Taking H = Hi'm Lemma 4.1 we get 

(4.5) e 2 = E E E <*•(*.*..« E 



/ii~Hi h 2 ~H 2 l<|/i|<Hi 



n 2 ~A r 2 



+°(e E E »*(Mi.m E e (^p) 



<# 2 iY 2 log# 1 + E 4 , 



where 



E E E 1 E<^f) 



hx^Hx h,2~H 2 l<h<H 1 n 2 ^N 2 
,2 l2\ 



b*(h,hi,h 2 ) =b{h)e 
It is easy to see that 



9 (hj - h\) _ CA(HiNiH 2 N 2 )* 
2hi 2hi 

6{h\-h 2 2 ) CA{HiNiH 2 N 2 )\ 



2hi 



2hi 



N 2 , hi\hh 2 , 

hll(hh2 - 



« i/H 

« 1///l 
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Thus 



(4.6) E 4 < E 5 + E 6 , 

s 5 El E i. 



hi~Hi l<h<H\ h 2 ~H 2 

hh 2 =0(mod hi) 



E 



6 



= E E i E 



hh 2 ^0(mod hi) 



Writing /i = <i/i*, /ii = dh\, d = (h, hi), we get 

(«) * E \ E E ^ E 1 

(2<Hl h*~^± h*< H l h 2 ~ H 2 

E 5 E E £f 

d<Hi ft^a. h .<«i 

(h*,K)=l 

«^EsE^ 

— a 

< iV 2 # 2 log 2 H x < [H x N x H 2 N 2 fl 2 log 2 #! 

if noting that if iTVi x if 2 iV 2 . 
For E 6 we have 



(4.8) ^ E 



1 



d ^ ^ h* ^ ||^| 

(h*,ht)=l 

We need to bound the sum 



d<^Hi h*~!LL h * < Hi h 2 ~H 2 11 h\ 

"l d h h*h 2 ^0(mod hi) 



E 



h*h 2 



h 2 ~H 2 11 hi II 

h*h 2 ^0(mod ft*) 

The condition h*h 2 ^ 0(mod hi) implies that h\ > 2. Let s = [H 2 /hl], then 
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shl <H 2 <(s + l)hl, 2H 2 < (2s + 2)h\. Thus 



2s+l 



E II h*h 2 II ^ E E 



II fe*fe 2 II 

h 2 ~H 2 " ft l " J= s jh*<fi 2 <(j + l)h| " ^ " 

h*h 2 ^0(mod h\) h*h 2 ^0(mod h'*) 

2a+l/»i-l 2s+l[^/2] 

« E E t^t « E E 

2s +l [ftJ/2] 
j=s h*=l 2 



Inserting this bound into (4.8) we get 

(4.9) S 6 < log 2 H x < {H x N x H 2 N 2 ) xt2 log 2 ^ 

if noting that TVi > #i and N 2 ^> H 2 . 
From (4.4)-(4.9) we get 

(4.10) S 2 < A(HiH 2 NiN 2 ) 3/4 + (HiH 2 NiN 2 ) l/2 log 2 HiH 2 N ± N 2 . 
Similarly we have 

(4.11) S 3 < A(HiH 2 NiN 2 ) 3/4 + (HiH 2 NiN 2 fl 2 log 2 HiH 2 N ± N 2 . 

Now Lemma 4.4 follows from (4.3), (4.10) and (4.11). □ 

Lemma 4.5. Suppose > is an irrational number of approximation type 
7 > 1. Then for any g G N\J(N + 1/2), we have 

Mil » q- J - £ , 

where the implied constant depending only on e. 

Proof. It follows easily from the definition of approximation type. 

□ 

Lemma 4.6. Suppose 6 > is an irrational number of approximation type 7 > 1 
and that 

(4.12) < \a(9;h 1 ,h 2 ,n 1 ,n 2 )\ < ^/3 1/4 (6»; Z^, /i 2 , n 1? n 2 ), n x > Bh u n 2 > 6h 2 , 
where 

ft (9; hi, h 2 ,ni,n 2 ) := hi(2m - 9hi)h 2 (2n 2 - 9h 2 ). 
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If hi — h 2 — h, then 

h 1 ' 2 



\a(6; h, h,n 1 ,n 2 )\ > 



(nina) 1 / 4 ' 



If hi 7^ h 2 , then 

\hih 2 



\a(9; hi, h 2 ,ni,n 2 )\ > 



{hih 2 nm 2 yi A ' 

Proof. The condition (4.12) implies that 

hi(2ni — 6hi) x h 2 (2n 2 — 6h 2 ) x fa^ni x h 2 n 2 . 

So we have 

|2(^ini - /* 2 n 2 ) -0(/i? - ^ 



(4.13) \a(8;hi,h 2 ,ni,n 2 \ = 



^hi^m-Oh) + y/h 2 (2n 2 -6h 2 ) 
\2{hini-h 2 n 2 )-9{h\-h 2 2 )\ 



(hih 2 n 1 n 2 ) 1 /' 1 

If hi — h 2 — h, then (4.13) implies 

. , , h\ni - n 2 \ h l/2 
\a{v; hi, h 2 , ni,n 2 \ > — -j— --j- > 



/iV2( nin2 )i/4 („ iri2 )i/4' 
If /ii 7^ /^2, then from (4.13) and Lemma 4.5 we have 

\\8(h 2 -h 2 )\\ 



\a(9;hi,h 2 ,ni,n 2 \ > 

> 
> 



(hih 2 nin 2 yi 4 
\h\-h 2 \-^- £ 

{hih 2 nr 2 y/± 

\hi + h 2 \-^- e \hi-h 2 \-^- £ 



\hi + h 

> 1 



{hih 2 nr 2 y/± 

7-e 



> 



(hih 2 r ir2 y/ 4 
\hih 2 \^~ 



{hih 2 nr 2 y/^ 

where in the last step we used the inequality a 2 + b 2 > 2ab. □ 
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5 Proof of Theorem 1 

In this section we shall prove Theorem 1. It suffices for us to evaluate the integral 
J T R 2 (2irx)dx , where T is a large real number. 

Suppose H := T 2 . By Lemma 3.1 and Lemma 4.2 we have 

(5.1) R(2nx) = R 1 (x,H) + R 2 (x,H), 

V ' l<\h\<H m <^| V V 7 7 

i? 2 (x, if) = 0(T l - l ' 2 G(x, H) + T'- 1 / 2 ), 

1 



G(x,H) = min ( x > 



rr 1 1 x dm , j_ I 

II 2m 2 2 I 



5.1 The mean-square of Ri(x,H) 

In this subsection we shall study The mean-square of Ri(x,H). First we shall 
derive an Vorono'i type formula for Ri(x, H). 

5.1.1 Voronoi analogue formula for Ri(x,H) 
We have 

(5-2) fl.(*,H) =77^ E £t F^ E '»(-«'» ! ) H 

xeU — 

V V 2m 2 

^EWf" 1 ) E ^ E — 

^ ' 31=0 WW !<| ft |< H m <^| 

2ii+l (i ( X ® m 

xm 2,1+1 e /i 

\2m 2 



( Se-K'->(-), 
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say, where 

l<|h|<H m <^ V V 77 



Let J = [(£ - log£)/21og2] we get 
(5.3) F(x;ji) 



iri ^ h ^ ^ V \2m 2 / 

4E^Z £ ™-e( k (^-^)) +0 ,^) 

l<fc<ij i=0 m _ /£ 9 -,-l V V 77 



+ iE^E E ~-e( A (^-^)) + 0(^) 

717 717 

where 

l<h<H j=0 m ^ 2 -i-l V V 77 

Let 

S(x;h,j u3 ) = ^m^e f-h (~^)). 

By Lemma 4.3 we get 
(5.4) hM) = e-x £ ttr-flfcV^ 6 (-y/xh(2r - 9hj) 



+0(x l - 1 l 2 C) + 0\x l - 1 l 2 mm 
+0 [ x^ 1/2 min 
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hteV\\P(hj)\\ 

x4 1 



^2¥'||/3(^J + 1)II 
15 



where 

(5.5) P(h,j):=6h(2 2 3- 1 + l/2). 

Inserting (5.4) into S 7 we have 

= E ^E E 

l<7i<# ' j=0 /3(/i,j)<r<^(fej+l) 



X 



J-l/4^i+3/4 



■e(-y/xh(2r-6h)) + 0(#(T, if)) 



(2r - 9h)^+ 5 / 4 
e(Z/i/2) x'-V^ii+a^ 

l<fc<tf 6»/i<r<6»/i(2 2 - 7 + 1 +l/2) V 7 

+0( ff (T,fT)), 



where 



1 / T< 



By Lemma 4.5 we have \\(3{h, ^> (/i2 2j ') -7-e , which implies that 



(5.7)g(T,H) «^-V^3 + ^-i/2 £ i^Tminf^,^)^ 

, J { t\ \ 27+1 
l<fc<tf j=0 V^ 22 2 / 

< T i-l/2+^L+ £ ^ 
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Inserting (5.4)-(5.7) into (5.3) we get 

/rn , _ . s 1 e(lh/2) ^ ^-1/4^1+3/4 

(5.8) /-V:„) - E H 1 E (2,-^ 1+5 / 

l<ft<H ^<r<^(2 2 J+!+l/2) V ' 

x (^e(yfiM2^0h) + i) - e(^xh(2r-6h) - ^ + 0(T' 

2 X '-V4 e (Z/i/2) ^ W 1+3 / 4 . tn r— — - vr x 

tx ^ h ^ (2r-9h>+ 5 / 4 v v v 7 4 7 

l</i<# e/i<r<e/i(2 2 ^+ 1 +l/2) v ' 

+0(T^ 1/2+ ^ +£ ) 

= > , > t WTT-- rrr A COs(27Ta/ xH(2t -6h)-- 

7i ^ h ^ (2r-6h>+ 5 / 4 v v v ; 4' 

l<h<H e/i<r<e/i(2 2 ^+ 1 +l/2) v ' 

+0(T'" 1/2+3 ^ +£ ). 
From (5.2) and (5.8) we get 

o2-« Z-l/4 

(5.9) iZ!(x,g)= E E 0O8(27r Vx/i(2r - Oh) - -) 

^ >' l<h<H 8h<r<8h(2 2 J+ 1 +l/2) 

V Ji J (2r - 9h)n+ 5 / 4 1 



i? n (x,iJ) + 0(T^ 1/2+ ^ +£ ), 



where 



(5.10) iZnCx,^): = E E ^> r ) 

^ >' l<h<H eh<r<Qh{2^ 'J '+ 1 +1/2) 



w(/i, r) : = 



x cos(27T V / a;/i(2r - 0/i) - ^), 
e(Z/i/2) /, 0/i x ' ' 



W 4 {2r -QKfl 4 V 2r-0/i 



5.1.2 Mean square of i?n(x, i?) 

Now we study the mean square of Ru(x, H). By the elementary formula 

cos-u cosf = -(cos(w — v) + cos(w + v)) 
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we have 



where 



2 4-2i x 2i-i 



(5.11) R 2 n (x,H) = 7r2{l _ iy2 ^2u(h 1 ,r 1 )u(h2,r 2 ) 

2 , x 

x JJcos \2n^xh 3 {2r 3 -Qh 3 )--\ 

7=1 ^ ' 



r- 

= S 1 (x) + S 2 (x) + S 3 (x), 



2 3-2l x 2l-l 



9 

23-2^^2^-1 

S ^ = tt2(j _ y^2 ^ u ( h i' r 'i) u (h2, r 2 ) cos(a(6»; h ± , h 2 , r u r 2 )), 

10 

23-2^-i 



= ^{i -iy? ^2 u{hi ' ri)u{}l2 ' r2) ' 

2 Z-2l x 2l-\ 

7T 2 (Z-1)! 5 
23-2i x 2i-i 
= 7T 2 (Z ~ l)! 2 E^ 1 ' 7 " 1 ^ 2 ' 7 " 2 ) 

x sin ^27TA/a;/i 1 (2ri - + 27TA/:r/i 2 (2r 2 - 0/i 2 )) , 

SC(E 8 ) :l<h 3 <H, 6hj < r 3 < 6h 3 (2 2J+1 + 1/2) (j = 1, 2), 
SC(E 9 ) :l<h 3 <H, 6h 3 < r 3 < 6h 3 (2 2J+1 + 1/2) (j = 1, 2), 

a(6>; Zii, h 2 ,n,r 2 ) = 0, 
5C(E 10 ) :l<h 3 <H, 6h 3 < r 3 < 6h 3 (2 2J+1 + 1/2) (j = 1, 2), 

a(6»;/ii,/i 2 ,r 1 ,r 2 ) 7^ 0. 

We first consider the contribution of Si (2;). Since 9 is irrational , we see eas 
that a{6; hi, h 2 , r±, r 2 ) = holds if and only if hi = h 2 , r\ = r 2 . Thus we have 



/2T 2 3 - 21 f 2T 

Si{x)dx = Yl E Ah,r) x 2l ~Ux. 

^ >' l<h<H 0h<r<8h{2 2 J+ 1 +l/2) JT 
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Recalling the definition of u(h,r) , we have 

(5.13) Yl E u2 ( h ^ 

l<h<H eh<r<9h(2 2J + 1 +l/2) 

(\ — _§h_\2l-2 ( 

2^ h 1 / 2 (2r - 9h) 5 / 2 \ L> L> 

l<h<H6h<r v 1 \l<h<H r>9h2 2 J+ 1 

h=l r>9h v 7 

= C / ,, + 0(T- 3 /2) ! 
which combining (5.12) gives 

f2T n3-2lr> r2T 

(5.14) / S^dx = 7 e / x a -^x + 0{T 21 - 1 ). 

JT 71 [l — 1J! J T 

For the contribution of S 3 (x), by the first derivative test we get 



p2T 

(5.15) / S 3 (x)dx<^T 2l J2 

J T o 



h x (2r x - Shi) + y/h 2 (2r 2 - 6h 2 ))- 1 
{h 1 h 2 )\{2r 1 -eh 1 )i{2r 2 -eh 2 )^ 



^ t21 ^ (^(2^-^)^2(2^-^))-^ 



«T 2i ]T 



{h 1 h 2 )-^2r 1 -eh 1 )i{2r 2 -9h 2 ) : i 
1 

(/i 1 /i 2 )l(2r 1 - 0/ii)§(2r 2 - ^ 2 ) f 
« T 2 ' I ]T /T 1 / 2 £ r^ 2 

\l</i<H 6»/i<r<6»/i(22J+i + l/2) 

« T 2i £ 2 , 

where in the second step we used the inequality a 2 + b 2 > 2ab 
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Finally we consider the contribution of S 2 (x). By the first derivative test we get 

(5.16) / S 2 (x)dx 

Jt 

^ rp2l-l/2 \ • ( rp T 1 ! 2 \ 

V h x M\TrT mm V 'H9 ; hi,h 2 ,n,r 2 )\J 

< T 21 V - min ( T 1 ' 2 - ^ 

u h\' 'hTrTrT V 'H9;hi,h 2 ,n,r 2 )\J 

+ T 21 V - min ( T 1 ' 2 - ^ 

+T 21 V - min ( T 1 ' 2 - ^ 



where 

5C(E n ) :l<hj<H, 9hj < rj < 9h j (2 2J+1 + 1/2) (j = 1, 2), 

\a(0;h 1 ,h 2 ,r 1 ,r 2 )\ > ^f3 1/i (9;h 1 ,h 2 ,r 1 ,r 2 ), 
SC(E 12 ) :l<h<H,6h< rj < 9h{2 2J+l + 1/2) (j = 1, 2), n ^ r 2 , 

|a(0;/i,/i,ri,r 2 )| < ^L/3 1/4 (#; M, n, r 2 ), 
SC(E 13 ) : 1 < hj < H, 9hj < rj < 9h j {2 2J+1 + 1/2) (j = 1,2),^^ /i 2 , 

|a(6»;/ii,/i 2 ,ri,r 2 )| < ^/3 1/4 (6»; /i 2 , r 2 ) 

and where j3(0; hi, h 2 , r\, r 2 ) was defined in Lemma 4.6. 
Similar to the case S 3 (x), we have 

(5 - 17) ? min ( Tl/2 ' K^;^Ln,r 2 )|) 

<<C T ^ ^ ^P^Vf X \a(9;hi,h 2 ,n,r 2 )\ 

^ T ^ , 1/2 , 1/2 3/2 3/2 < T2 ' £2 - 

11 ' 4 1 u 2 '1 '2 

By Lemma 4.6 we have \a(9; h, h, r 1: r 2 )\ 3> /i 1 / 2 (r 1 r 2 ) -1 / 4 under the condition 



20 



SC(E 12 ). Thus 

(5 - 18) ^E^^ m K^ K ,j, ri , r2)L 

« T 2 ' V -J— « T 2 '£ 3 . 



r 2 ) 



Now we estimate the sum S13. By a splitting argument we have 

(5,19) 5 WM'S 574 min ( tV2) Rw^) 

mm ( T l > 2 - ^ 

« (// 1 // 2 )- 1 /4(7 Vl 7V 2 )- 5 /^4y- min ^1/2 1 

^ V |a(0;/ii,/i2,ri, 

for some (Hi, H 2 , Ni, N 2 ) for which 

1 « if,- « if, if, < iV} < if2 2J (j =1,2), 

where 

C/i = ^(HiHiY^NiNi)-^^ x Ae^H^N^N^T- 1 ' 2 ) 

U 2 = (HiH 2 )-^(NiN 2 )-^£*J2 ] ra Z I W 

^ \a(9;hi,h 2 ,ri,r 2 )\ 



SC(E 1A ) : hj ~ ff^r, ~ = 1,2), ^ ^ /i 2 , 

< |a(0;/ii,/i 2 ,ri,r 2 )| < ^/3 1/4 (#; /h, /i 2 , r 1? r 2 ), 

SC(E 15 ) : ~ // j ,r j ~ A^j = 1,2), h x ^ h 2 , 

T- 1 ' 2 < \a(6; hi, h 2 , n,r 2 ) | < ^ l/ \0; hi, h 2 , n,r 2 ). 

We first estimate Ui. By Lemma 4.4 we have 

Ui < T 1 ' 2 (HiH 2 Y l l\NiN 2 )- 5 / i C A ^-^(Hi^NiNJ 3 / 4 + (HiH 2 NiN 2 f/ 2 C 2 ) 

« (iJ 1 iJ 2 ) 1 / 2 (iV 1 iV 2 )- 1 / 2 £ 4 + T 1 / 2 (iJ 1 iJ 2 ) 1 / 4 (iV 1 iV 2 )- 3 / 4 £ 6 
<<£ 4 + T i/ 2(iViiV2) -i/2 £ 6 
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if noting that Nj 3> Hj(j = 1,2). Suppose (hi, h 2 , r±, r 2 ) satisfies the conditions of 
E 14 . By Lemma 4.6 we have 

\a(6;hi,h 2 ,n,r 2 )\ > (HiH 2 )-^~i (NiN 2 )~^, 

which combining \a(9;hi,h 2 ,ri,r 2 )\ < T~ x l 2 gives 

(HiH 2 )^ + i(NiN 2 )\ >T 1 / 2 . 

Hence 

(NiN 2 )^ + i » (HiH 2 f* + -* + i (NiN 2 )* » T 1 / 2 , 

namely 

iViiV 2 > Ti+W. 

From the above estimates we get 

(5.20) ^^1/2-1/2(1+7)-* 

Now we estimate U 2 . By a splitting argument we have 

U 2 <^- 1 (iJ 1 iJ 2 )- 1/4 (iV 1 iV 2 )- 5 / 4 £ 5 x A e (Hi,H 2 ,Ni,N 2 ; V ) 

for some T" 1 / 2 < 77 < (H 1 H 2 N 1 N 2 Y^. By Lemma 4.6 we get 

C/ 2 < r 1 -\HiH 2 )- 1 / A (NiN 2 )- b ' A C b (r 1 (HiH 2 N l N 2 fl i + (H^NiN^ 2 C 2 ) 
« (iJ 1 i/ 2 ) 1 / 2 (iV 1 iV 2 )- 1 /2£5 +7] -^(H 1 H 2 ) 1 l\NiN 2 )-^C' ! 

« £ 5 + ^(HiH^'^NiN^C 7 . 
From Lemma 4.6 we get 

77 > (//i^)-^-?-! (iViTVa)"^, 
which combining 77 ^> T -1 / 2 gives 

rf x < min (V 1/2 , (HiH 2 )* + ^ (JViN 2 )*) . 

Thus we have 

(5.21) C/ 2 < £ 5 + min (V 1 / 2 , (ifiif 2 )* + * +f WV 2 )*) 

x(HiH 2 f A (N l N 2 )^l A C 1 
« £ 5 + min (T 1 / 2 (iJ 1 iJ 2 ) 1 / 4 (iV 1 iV 2 )- 3 / 4 , (HiH^+i (NiN 2 )~^ 

< £ 5 + min (t 1 / 2 ^^)" 1 ' 2 , (HiH 2 )* + i} 

« £ 5 + (T^^H^y/^^H^ y/^ 

^ j>l/2-l/2(l+ 7 )+e_ 
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From (5.16)-(5.21) we get 

/2T 
S 2 {x)dx<^T 2l+1 ' 2 - 1 l 2 ^ + \ 

which combining (5.11), (5.14) and (5.15) implies that 

(5.23) / R 2 u (x,H)dx =4r^r4/ ^~ hdx + 0(T 2 < +1 /2-i/2(i +7 ) +£) . 

5.1.3 Mean square of R 1 (x : H) 
We have 

(5.24) R 2 (x,H) = R 2 n (x,H) + 0(\R u (x,H)\T l - 1/2+ ^ +E + T 2l - 1+ ^ +2£ ). 
By (5.7) , (5.23) and Cauchy's inequality we get 

p2T 

(5.25) T l - 1/2+ ^ J |# n (a;,#)|dx<T 2i+ ^ +£ . 
From (5.23), (5.24) and (5.25) we get 

r2T 2 3 - 2l r f 2T 4 +i 

(5.26) / R 2 {x,H)dx = — \° / x 2l ~dx + 0(T 2l+ ^ +£ ). 
Jt n (' - 1) ! Jt 



5.2 Mean square of R,2(x,H) 

We first study the integral J^ T G(x, H)dx. We have 




So we have(noting trivially G(x,H) < T 1 / 2 ) 

»2T /-2T 



(5.28) / R 2 2 (x,H)dx ^t^ + T 21 - 1 G 2 (x,H)d. 

JT JT 

/IT 
G(x,H)d. 



,x 

21 I rp2l—l n rp2l 



5.3 Proof of Theorem 1 

We have 

(5.29) R 2 (2ttx) = R\{x, H) + 2R 1 (x, H)R 2 (x, H) + R 2 2 (x, H). 

From (5.26), (5.28) and Cauchy's inequality we have 

/2T 
H)R 2 (x, H)dx < T 2i+1/4 . 

From (5.26), (5.28), (5.29) and (5.30) we get 

r2T 9 3-2«^ /-2T 

(5.31) / R 2 (2nx)dx = ±- / + 0(T 2i +^ +£ ). 
JT 7T (t — 1J! J T 

Hence 

(5.32) / T R 2 (2irx)dx = f'^^f T x 2i "^x + 0(T 2l+ ^ +£ ) 

Jl 7T ({ — 1)! 

- ( 1.0 T 2i+l/2 + ^ T 2Z+|2±i+ £ ^ 



(2/ + 1/2)tt 2 (/ - l)! 2 
Now Theorem 1 follows from (5.32). 
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